WRMR Analysis;
Choice of Optimal Wavelet Families
for the Adaptive Solution of
Nonlinear PDES

Bedros Afeyan Bay Area Scientific Computing Day

Polymath Research Inc. Crowne Plaza Hotel, Pleasanton CA
March 2, 2002

Pleasanton, CA




What are Wavelets Commonly 2l
Used For and Why?

~Polymath ™

Signal processing: Flexible, efficient signal representation and decomposition:
Beat FT, WFT, CT, DCT, etc. The High Road in DSP (“A Wavelet Tour of Signal
Processing” by Stephane Mallat)

Data Compression: FBI fingerprint archives 26:1 wavelet based compression,
otherwise, at 500 pixels/inch and 256 levels of gray-scale information per pixel,
one crook = 6MBytes, entire FBI database = 200 Terabytes (30 Mega-suspects) @
$1000/Ghyte = $ 200 Megabucks! Sparse representations. Average data (smooth,
well represented) + details (successively ignored) => Subband Coding

Denoising: Recovering Brahms himself playing Hungarian dance number 1 in
1889. Hear it @ http://www.music.yale.edu Shrinkage and Thresholding: Keep
sharp features, lose the noise. See what the experts have to say:
http://www-stat.stanfor d.edu/~donoho/Reports/

Pattern Detection, self similarity, coherent structures. See El Nino’ s regularity for
yourself in Chi ~2 distribution of wavelet power => time series had Gaussian
statistics: http://paos.col orado.edu/research/wavel ets/wavel etl.htmi
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What Are Wavelets? ’

/—»’— \\

Start @ (www.wavelets.org) & Surf, i )
(Mathsoft, amara, ...) SLUTU P

Mallat, M eyer, Daubechies, Beylkin, Coifman, Strang, Sweldens, Donoho...

« Wavdetsarelocaized kernels or atomsin PHASE SPACE.

e You may think of them as basis functions with prescribed dilation and
tranglation properties.

« They may or may not be orthonormal or have compact support or be
differentiable everywhere, or be fractal, or have many zero momemts.

 Wavelets are like breathing wave packets which can home in on structuresin
phase space better than FT or WFT ever could.

w ZJIZY% %( J k| 7 When the scale is decr eased

tranglation steps between
wavelets should likewise be

. d" decr eased
Y. (X)=(-2) - [exp(-K(x - XC)Z/Z)]
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What iIsMRD or PN
Multi-resolution Decomposition?
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e Multiresolution: Zoom in and out on a number of successively finer
scales in a sequence of nested approximation subspaces{Vj}

jinzZ:
e Ingeneral, get an overcomplete basis set in L,(R).
Approximate (or truncate) by bounding the scales of interest.
Scaling functions and the scaling equation: The Wavelets:
L ow passfilter High passfilter
A9 2N-1 A9 2N-1
o(x)=2a,_, N (2x- K) ¥(X)=2a,_, %e(2X- K)
A h=1 N () dx =1 k
ak-h<_ pr(x) X= gk:('l) hZN-l-k

Thesefiltersdecompose a sampled signal into 2 sub-sampled channels;
the coar se approximation of the signal and the missing details at finer scales.
Theoriginal signal can bereconstructed from these channels by interpolation.
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Discrete Wavelet Transforms & :

—
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~ Polymath

Perfect Reconstruction Subband  / resarchine.
Coding Filters RN

DWTs are Orthonrmal decompositions:

f)=aco)+aa d, v,
k k

j=0

Cr = OF (1) 0n(t) At diy = OF (1) Wi (8) it

The number of operations required to perform DWTswith afilter of length L
(with L taps) isof order L x N (even FFTsrequire N In N operations)

e 1 1 0O
LNGl+ >+ +..2<2LN
2 22 "o
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TheKey to Multi-Rresolution 2y

\

Analysis Using Wavelets|s: Y

e THRESHOLDING

« TwoWaystodoit:

e Linear or Largest Scale Thresholding

 Nonlinear or Largest Coefficient Thresholding

 Linear isFourier like: Keep up to some scale and chop off therest

 Nonlinear Thresholdingisthetrue breakthrough: Keep those
wavelets which have the largest coefficients no matter wherethey are
and on whatever scalethey are. No need to keep intermediate scales
or intermediate locations. Just keep the BI G ones. Automatically
denoise, automatically compress and automatically bring out
significant patterns.
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The Scaling Function and Wavel et 7

Polymath

for Haar or Daubechies 1 Ressarch nc.

in X-Space S U P

Haar Haar
Scaling Functon, Scale Factor = 0.125 ! Wavelet, Scale Factor = 0.125
0.8 0.5
X ] :
(%) | g 0f —
0.4 ] [
—.5
0.2 ] _
0 = b L oh s b o
s, B ST D T 20

X
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The Scaling Function and Wavel et 8

for Haar or Daubechies 1 Ry O Inc
in K- Space Y P
K space: Haar
. : { K space:Haar
E:"]mg I .L.S@.E.FW.'.F'.HE Wavelet, ScaleFactor = 0.125
2.5 :
2 15
|9(K) | 13 | k) | 1
0.5
nww “—ﬁn”"—in'”'d'"'1'11""2'11
- -10 ] 10 20 K
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[ he Scaling Functions and 9
Wavelets for Daubechies 2-6 e
U / ~ Researchinc. ~\
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Daubechies 2 Dauhechies3 Draniheching Drvahechiea 3
Scaling Function, Scale Factor = 1 Scaling Function Scale Factor = 1 i Waveiel, Soale Focim: = 1 Woeelet, ScaleFactor - [
125
1.25 15
1 1 1 1
0.75 .75 5 45
¢#lx) 08 L ] HE g I i) p
0.25 heas &E F B L F
0L 4 3 LIRS FpHre - -1 e ]
—i.25 r —0.25 r -1 |
-1 -5 0 5 10 -1 -5 0 5 10 iy : A k. : § M
X X
) ) Danberiies Danherhirss
Daubechies 4 Daubechiess Waveiet, Seale Facio = 1 Wivelet, Hrale Factar = 1
Scaling Function, Scale Factor = 1 Scaling Function, Scale Factor = 1 E-_ 1
1 1 1
0.8 0.8 a5t 4.5
0.6 1.6 W wE R 1 E
¢ix) 0.4 $x 0.4 [ = LY A%
0.2 0.2 _-5[ 4.8 !-
oF S ] i v 1 E i -3l I
-0z r L2 6 £ 0 & W - § ® & 1
-1 -5 40 5 14 -1 -5 0 5 1 A H
X X
Danbeckiess
Dauhechies Warelet, Seale Faclor = 1
Scaling Function, Scale Factor = 1 1 !
1 - .
.5
0.6 xm ¥ = LRI
4
o o7 Ll
ok AP ] “1f
-2 -0 - 0 T
—i4 i
-1 -5 0 5 14

BBA WRMR BASCD Il
Pleasanton 3-2-02



The Scaling Functions and
Wavelets for Daubechies 2-6
In kK-Space

10

Polymath
Research Inc.
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Polymath

OUtlIﬂe Research Inc.

« Waveletsand PDEsin Non Linear Plasma Physics and
Photonics

A Toy Problem: A band limited signal (over)analyzed

« Wavelet (DWT) Analysisof the Solution of Burger’s
Equation with Random Driving. MRD and its
Implementation in a mathematica notebook

 Wigner function representations of the MRD

« WRMR measure and optimum wavelet selection
algorithms applied to random shocks (or solitons, or...)
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Polymath

The Big Picture _R@J?J'

e Original motivation: Want to implement adaptive wavelet
based schemesfor solving NL evolution (eg. parabolic) PDEs

 How should one choose which WLT family to use?
e Traditional measuresdo not discriminate very adequately

« Want to amplify the differ ences between potential choices
making the optimal choice automatable. How?

 UsetheWigner function representation of the MRD: WRMR
analysis
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An Al Project for PDEs. Original - foymah
Raison d’Etre of thisWork N

« Ambition: Use adaptive wavelet techniquesto help a PDE teach itself
how to solve itself.

« How? Look at optimum compact and sufficiently accurate
representations of the solution of an evolutionary eg. such asa
parabolic PDE, for instance, over alibrary of waveletsand
representations. Find the optimum sequence of gridsor coefficients
which can sequentially represent the solution very well.

 Doall thiswork for one set of ICsand BCs, parameters and
coefficients and then while running some nearby problem try using
the same sequence of wavelets asfound to be appropriate in previous
Cases.

 Most numerical problems need not have optimum single case runs but
be optimum or efficient over a sequence of 100 or 1000 runs. Thisis
wher e adaptive wavelet techniques could scor e big, one hopes!
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The Generalized Burger’'s-KdV 1

—

7 T~

Equation & It's Split Operator <2t
Solution Using Adaptive Wavelets U

ou u b+ ‘u 9S
—+Au°‘.”—+Bﬂ Cﬂ = —

ot /4 ‘Hx/,ﬂxz'm_ 'ﬂxz”’/ax

Nonlinear Steepening:

- .  ccimatinn- Source Term:
: Dispersion: Dissipation:
Shocks, Advection _ oo -
WaveLike Diffusion External Driver
Phenomena RandomSpace-Time
Dependent
. () () ‘ ’
Solve along Characteristics ou + Ay fu — S Burgerlence
ot ix  ox

Interpolate onto Wavelet Thresholding Determined Nonuniform Adaptive Grid

Solve Using Wavelets (Collocation) or Finite Differencing on Non-uniform Grid

au(z) ﬂzﬁ"'lu(z) ﬂZYu(z)
+ BT -C T 0)
ot X X BBA WRMR BASCD |1
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A Damped Driven | nhomogeneous Nonlinear
Schrodinger Equation Models Chaotic

15

" Polymath ™

| nter actions Between Highly L ocalized, (\Resrchine. 7y
Resonantly Generated Solitons ‘\jﬂ//
0A az
= - +[g- G- plAF|A= A(x)
0T
v % ¢ = £ (kL)
G, = —= (KoL) Damping Coefficient L
02 - = w,t 1
D= osc MAXO(k L) 2 (kDL)ZI3
é Vi Nonlinearity Coefficient
E ¢ 1 Y
A = B,(0,t)sing Oriver t A [B (0,1) sm@] gk L) H
[B O‘l? SIFI@] rrver term
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Three Special Limitsof the 16

Generalized NL S Equation ReserdhInc >
Describing Res. Abs. A MY

2
JLag '2\+[g - iG]A= A Exactly solvable Linear PDE viaLaplace transforms

ot  dc¢ and in terms of driven Airy functions (messy)
2
. 0A ) J°A _ 2N — Exactly solvable nonlinear PDE in terms
| =- pIA"A=0 .
ot oc of solitons (elegant)

9°A . 21 x _ A nonlinear ODE for steady state solutions of the
ac? -I_[g - iG- plA ]A =R driven complex eigenvalue problem. Requires a
BVP solver. Can you get there from here?

BBA WRMR BASCD Il
Pleasanton 3-2-02



Propagation in Nonlinear Waveguides: 17

—

Saturable Gain/Abs., Saturable NL ,~ «&ihe
Complex Index Structure (PBG) ' U

0 = RPE+RIX)

- e (- exd]- EF e

+in;(x)v(X)E

Vd

-iI’TZ(X)g Yth(X) ) V2hA(X) EE
CUBL+EF/IEd” 1+IEF/|E H

+Sk )

Use a split step scheme with the N operator being inverted using a
nonuniform FFT or fully Wavelet based scheme where the appropriate nonuniform
grid is adaptive and found by largest coefficient thresholding of the DWT of the

solution in the previous time step. BBA WRMR BASCD Il
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Sample Coefficients of the NL ~Polymath
Waveguide Propagation Equation *=\ "I [~

2 ON

()
, \ v(d=2h(2+<h()
€ ax VY
htaper(x,z) :Sechgz_ Ztapera hl,r(Z) :{1$tanh[oc|,r(z- Z,r)]}
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Split Step (A) of the 3 Split Step 19

Decomposition of the NL oymath
Waveguide Propagation Equation |
(1) "
2T Reew +S(x, 2)
ot

/1 6 - ik?- 2v (k)] o U
Ul

(1)1 _ () . -ik? - 2v A _
£ (r,k) = E, (r,0.K)d 2 (W)

init

EY,x) = FFT Y EX(x k)|



Split Step (B) of the 3 Split Step 2
Decomposition of the NL Resrch Inc

Waveguide Propagation Equation "~ U

JE?
ot

X) g_'l‘ n2 hNL(X) (1_ e‘lElz/IE NLSI2) + IV(X)EE (2)

E(Z) (’C ,X) = E(Z) (Tinit X) g

N e
eXp"Tb( )g— 2hNL(X)gl' e’
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Split Step (C) of the 3 Split Step 2
Decomposition of the NL Polymh

Research Inc.

Waveguide Propagation Equation =\ "]

i oEY =-in ( )g Y ZhG( ) VZhA(X) 2BE(S)
ot 81+EF[Eed L+IEF/EJH
Xp = |EAS|2; Xe = |EGS|2

Xirit X = (1' Vo lY 2)|EAS|2

[1- (Vo 1y 2)(|EAS|2/|EGS|2)]

((X + X)/(Xim + >—<))(XA +Xe - X)[Xa _ eZYZﬁOZ(X)hG(x) 1- (v21y2)(|EAS|2/|EGS|2) Dr
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How About Kinetic Theory and
AWCT? Tacklethe Vlasov Egn.
in Double Phase Space (x, k, v, v,) -

22

//f»ay’raa\ .
,/ Resaarch Inc. \

U P

Solvethe IVP for the Vlasov-Poisson system of equations. Comparetheresultsto

a semi-Lagrangian
ol VGfe 29 E(x,t) of, -0 Nancy Vlasov Code
at 9X m oV (P. Bertrand)
¥ .. | AddFPtermtocontrol HOTs
GE(X,'[) — 4ch a_ bf (X V t) dVQ In the Hermite like expansion:
ox e v o %0 _, iivf +vZiu
eotd, IV YoV
gx Tile Phase Spacein
E(X,t) =q o (t) F.. (x) Optimum Wavelet-| 1<V NV <10
1 | Composed Non-
N. N uniform Patches
o o'
fe(X1V’ t) = a b, (t) F . (X) Yfe,k(v)
j=1 k=1 e W BaeD !




SRS & STEAS Mimicking, .

—

Ponder omotive Force Driven, /Remrhine.
Vlasov-Poisson System of Equatlons\ U
Vlasov
afelD o 81:elD L é’w PF O afelD P . - .y —
of +v¥— E - > B ov t=w, bt z2=2Z A5 V=V/V,
(ZE =1- Of, dv Poisson

OV £2Pav® =3\,

o ; - _
Y= A Wawr COS(KZ' (Dif)
#driver mod es
EeE, oaeeE c:)
R I o
AMP — 2
Vth
_a i L - - —
Pee . 8 yQeksin(kz- @t
0Z # driver modes

0037
0 um

P =—\I é_s
AMP 0,10 W/cm?
Te,keV | 0 }\'O
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Capturing the Interaction Between “
Driven and Released EPW & TEAW/ s
Khy = 0.26, wrpaw Ogpy =13 U 7

The gradual invasion of the TEAW space by the evolution of adriven and released EPW
IS shown in this snapshot comparing the phase spaces of TEAW formation without
and then with a pe-existent EPW. TEAW drive amplitudeisat 0.03 while the EPW’s is 0.003.

TEAWY alone TEANY and EPYY

123 Il e |




EPW and TEAW Coexistence &
Interaction Are Strongly Affected by
theInitial € VDF

25

At high K (=0.3927 = =/ 8) the distribution function shape makes a big difference to
the EPW. Itis presumably this that affects the interacting TEAW.

TEAW is stronger +/- v = 0.523 (vphase = 1.54) TEAW is weaker +/-v = 0.351

EPW + TEAW
EPW + TEAW

FiMaxwell)
at T=500

F{DLMexp=4.5) _—

Less 1
More ™ damping i
d i g ~
amping i stronger L 123
weaker i EPW .
625 1 s 1
Hv=0523 V v =0.654 v
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A Toy Problem: A Double Gausaary /R;gg;gﬁm; \
Wavepacket with Two Carriers = Y 7

f(X) :exp[- (x+2)2/8]’ sin[08 x| +06 ° exp[- (x- 4 /18]’ Sn[23 x+m /2]

2 Gaussianswith2 Carriers in K space

2 GaussianswithZ Carriers

. . ! . . 07 [ ' '
0.5}
025 : ﬂ V W
0} 0.4

314 B

_20 T 0 10 20
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TheLargest Coefficients R

Amplitudesin Descending Order = "l 7
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How Well Do Box Windowed Polymath-
Fourier Transforms Do? A Y P

Clhoes I INo Taper Cloes IV WO Tapeser
Windossize— 16 g SR

o e
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g
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TrirnloessiEe— Gd Wrimdossire— 128
0.5 | 5 : 0.5 =
.4 3 .4
.3 .3
5 5z ¥ gz
R e T T : L] TTtreeeaaa.ll
=0 40 &0 HO 1 =0 40 &4 H{d L1
i) i |

Choes I INo Tapeer
WWirndoesrsirEzEe— 256

pE oo
R W

Z0 40 &0 S0 100
™




How Well Do Tapered Windowed - Foymah.
Fourier Transforms Do? A/
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The Energy Accumulation Rate

In Coefficient Space

Polymath
Research Inc.
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Fractional Least Square Error vs *
# of Largest WLT Coefficients fm)
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L east Square Error asa Function *
of Largest MRD Level Kept in the@m)
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Direct Comparison of the Largest &

Coefficient Decay RatevsLargest / resaine
Coefficients Number S

Largest DWT Coefficients
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Fractional Least Square Error *

Polymath

vs Number of Largest Wavelets  / rearciine »
Kept for Reconstraction A MY

Exrror vs Mumber of states wsed in the reconst -
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Fractional Least Square Error *
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Traditional Comparisons of the %

Perfor mance of 2 Wavelet Choices  toman
Haar vs Daubechies5 20U
Absolute Exror Difference Fractonal Exror Difference
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What |s a Suitable Phase Space Y

— Polymath—.
Distribution Function Corresponding Ressarchin. N\

toa Signal f(x)? (the Wigner Function) ~_ W 7

The Wigner function is abilinear functional of the signal f(x) which represents the
signal in phase space-- which is to say-- ssimultaneously in position and wave-number
space. It has dmost the same form whether written in terms of f(x) or f,;oqe (K):

x x
W (x, k)—i ded:e '”¢f8x+ﬁ'8f X - = iq?
1 L, ikx ~ & k'(-.j"% kO
W (x,K) = — &k e ' gk+—% fgk- —=
(k) 2n_¥0d AMPY A SEPY

¥ ¥

dede(xk)—df () dx = 0|f ) clk
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WRMR Analysis: 3

MRD Seen from the POV Polymath-
of Wigner Transforms Y

Discrete Wavelet Transforms allow the multi-resolution
decomposition of a signal in wavelet bases which while constituting
a complete or over-complete basis can be used to generate a series
of nested approximations of that signal.

One such sequence of approximationsinvolvesthresholding the
wavelet series by keeping an ordered set of largest coefficients.

Another sequence of approximationsis generated by keeping
successively finer scale or detail levels of the MRD.

In both cases, the performance of different wavelet families can be
compar ed to each other by using the Wigner phase space
representations of these nested sets of approximations (WRMR
analysis) to see which of them reproduces desired features of the
Wigner representation of the signal most closely with a few terms
kept or most quickly asmoretermsare added.
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Why Should WRMR Analysis ~Poymath-
Work or When? A Y

« TheWigner transform isanonlinear (quadratic) functional of the
amplitude of the signal. But itsfunctional form isthesamein x or k
gpace. It isa democratic quadr atic functional which isa simultaneous
convolution (correlation function kernel)and Fourier transform.

* Expect weak or bad representations of the signal via some
thresholding of aDWT MRD to appear far off in itsWigner
transform and thuslead to better discrimination from wavelet
familiesthat do capture the essence of the Wigner representation of
the signal with a few coefficientsor levels of MRD.

« Theideaisto makethe acceptance criteria of some wavelet family vs
another be based on pattern recognition in Wigner transformed phase
space.

« Besidesdata compression and pattern recognition,denoising via
WRMR analysis has interesting possibilitiesin Wigner phase space.
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Consider a Signal which isa 0

“Sum of N Gaussian Complex ey,
Wavepackets’ N/

2

o) =& fple & r et

The Wigner function representation of | (X) in phase spaceis given by:

W (%,K) = % Odx € o' (x- x[2) p(x+x/2)
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The Wigner Function Representation
of the“ Sum of N Gaussian Complex / reacine

Wavepackets’ |'s Given By N
W (x,k) =Q I\11‘/X'L|cp| exp[ 2(x- %) /%2 ]exp[ (k - k)*x /2]

N 1

o N o
+ aizla j>i $1 1 Olcp'llcpll
\/néx?’w "5
g [(X Xie) + (x- %, )]zﬂ
expe 2 2 U
g Xiw_l_xjw H
e é CP oy
€ § k +k; U X1 1 gg
- & h / X g
?Zk (ki +kj)) ‘é?x inc) (X 2XJ )g §
"2 Cosg aef )gvi 5 e g+(ei - 0, + (K - kj)x)g
& + = u
e 2 - u
e iw &
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TheWigner Function Representation .
of the Gaussian Enveloped Two o
Separ ate Carriers Signal U

Wigner Transform of OriginalData

3 } '|'|
i "\"n.'\- e
] g,
\:.I‘ ‘\‘.‘1\'\#"#
= “-ﬁ"“ \\\&*‘W
WS TR

L
‘:l
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The Wigner Function of One of the
Gaussianswith a Low Frequency [ reseninc
Carrier

— =
e 137

Wigner Transform of OriginalData
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TheWigner Function of the “

Other Gaussian with a High Resrch e
frequency Carrier

) =
e T T e 137

Wigner Transform of Original Data
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Wigner Transform of the ~Poymath-
Double Gaussian Wavepacket U P

Wigner T ; of OriginalData li Wigner Transform of OriginalData
o
_15_
_g;_
_35_
75 5 25 0 25 & 7.5
=0. 27325 0.528s898
B .
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Mean Square Error in Haar MRD’s
Performancein Wigner Land asWe Add
L argest Coeffs (si75%, 10146%,15/35%, 20/29%, 25/24%)

Y
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Mean Square Error in Haar MRD’s
Performancein Wigner Land asWe Add
Finer Levels (L1/99.8%, L2/99.2%, L 3/94.5%, L 4/86.1%)
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Mean Square Error in Daub3 MRD’s
Performancein Wigner Land asWe Add

L argest Coeffs (5173%, 10/47%, 15/31%, 20/18%,
25/129%)

Polymath

\Re&earch Inc.
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Mean Square Error in Daub3 MRD’s
Performancein Wigner Land asWe Add
Finer Levels (L1/99.6%, L2/99%, L3/81%, L 4/61%
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L argest Coefficitent WRMR
Analysiswith Daubechies5
Wavelets (5/51% ,10/26% ,15/15% , 20/9% , 25/5.8%)
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Level by MRD Level WRMR
Analysis Using Daub6

(L1/94%, L2/85%, L3/50%, L4/2.8%)
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L argest Coefficitent WRMR
Analysiswith Daub8 Wavelets

(5/76%, 10/54%, 15/33%, 20/17%, 25/9%)
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Level by MRD Level WRMR
Analysis Using Daub8

(L1/99% ,L2/77%, L3/51%, L4/14%)
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Wigner Function Representation
of the MRD Using LADF4

(5/79%, 10/54%, 15/34%, 20/16%, 25/9%)




Level by MRD Level WRMR
AnalysisUsing LADF4

(L1/99% , L 2/96% , L3/88%, L 4/46%)
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Wigner Function Representation
of the MRD Using LADF6

(5/65%, 10/26%, 15/14%, 20/10%, 25/6%)
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Level by MRD Level WRMR Analysis - !
Using Quadratic Spline [2,4] =

(L1/95%, L 2/81%, L 3/34%, L 4/7.2%)
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Mean Square Error in Spling4,4] MRD’s
Performancein Wigner Land asWe Add
L argest Coeffs (5/72%, 10/40% ,15/29% , 20/24% , 25/19%)
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Level by MRD Level WRMR Analysis
Using Quartic Spline [4,4]

(L 1/95%, L2/80%, L 3/35%, L 4/16%)
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Mean Square Error in Spling/4,8] MRD’s
Performancein Wigner Land asWe Add
L argest Coeffs (s/55%, 101309 ,15/19%, 20/11%, 25/7.7%)

Polymath

\Re&earch Inc.
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Level by MRD Level WRMR Analysis - N
Using Quartic Spline[4,8] arch

(L1/80%, L2/29%, L 3/4.98%, L4/4.8%)




Wigner Function Representation
of the MRD Using Shannon 4

(5/77%, 10/65%, 15/57%, 20/51%, 25/50% )




Level by MRD Level WRMR
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Haar Wavelet’s Wigner Transform
|n Phase Space

Haar, Wavelet

'

0S| 1 Wigner Tramsform of FaarWavelet)

fix) 0
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Daubechies 3 Waveet’s Wigner Reser e

_4ané

Transform In Phase Space
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e 137

Daubechies 3, Wavelet

15|
1t Wigner Transform of Daubechies 3 (Wavelet)
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Daubechies5 Waveet’sWigner Reser e

_4ané

Representation In Phase Space
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e 137

Daubechies s, Wavelet

Wigner Transform of Daubechies 5 (Wavelet)
fix)
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‘Hh'gne.r Transform of Daubechiess [ YWavelet)
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Daubechies 6 Wavelet’s Wigner ~Polymath -
Representation In Phase Space 1 "I

Daubechiest
1 Wigner Transform of Daubechieso (VWavelet)
051
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Quadratic Spline Filter Wavelet's
Wigner Representation

68

Polymath
Research Inc.
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SplineFiltef2, 8] , Wavelet
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Wigner Transformof SplineFiltefZ, 8] (Wavelet)
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Comparison of Fractional Least 2%
Square Error inf(x) vsW(x,k)  ~2 U ¥
- Error vs N largest Coefficients
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Sample Portion of a Solution to the &
Driven Burger’'s Equation: Random rexaine
Super positions of Viscous Shocks ! "l
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Relative Sized of the Largest  pidymah

\

Coefficientsof 4 WLT MRDs U [/

Largest DWT Coefficients
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Energy Accumulation RateIn
Coefficient Spacefor 4WLT MRDs™ "l [~
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Research Inc.
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Scalograms of the Random Shock
Solution Ussing4 WLT MRDs
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Fractional Least SquareError In g
L argest Coefficients Thresholding / readiive »
of the Random Shock Solution S U P

Ermrvor vs Number of states uwsed in the
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Fractional Least Square Error vs .2
Number of Levelsin Reconstruction™ "l "~
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Comparison of Spline[2,8] to Daub 2w,
3in Reconstruction: Daub 3Wins = "I
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Haar M RD of the Random

Shock Solution
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Daubechies3 MRD of the

Random Shock Solut

78

—

7

/// Polymat h\\\\
4 RescarchInc. A\
\

Traubeechies
HIERRT > L evel O
LLSE 3 3
O = 3
.= B
.1 3
i 3
—x_ 1 ]
i .= LLSE 3 LS .5 h l
Traubeechies
NIRRT > L evel =
o3 1
o= 3
L1 3
L1 3
—_1 3
—_= 3
i .= .4 . & L h §
Traubeechies5
NIRRT > L evel 4
.1 3
o= E
L1 3
— s B
—. 1 1
— D _1= 3
i .= L LS 3 LS .85 h
Traubeechies5
NIRRT > L evel &
LS LY R
O 7T =
LUML L]
.=
L1
— i =S
— .=
L1 ] o= L1 NC 3 LA Lo h

LLELLE 3
LU -]

— k2
— .
— s
— .8

— k=

— ik

k.=
LLEE 3
L
L1 -
L1

— .1

i .= .4 LS .5 h
Trauteechies 5
NIRRT > Level

i .= .4 LS .5 h
Traubeechies 5
NIRRT > L evel =

- e B e

i .= LLEE 3 LS .8 h
e imivnal Tt

L1 )] L1 -] LLEE 3 L1 LU 1



79

The Coefficients of the MRD ~ Poymath
Using Daubechies 3
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The Coefficients of the MRD ~ Poymath
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Sample Portion of a Solution to the oL
Driven Burger’'s Equation: Random rexaine
Super positions of Viscous Shocks ! "l




TheWigner Transform of the
Random Shock Solution

Wigner Transform of OriginalData
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Daub3 MRD in Wigner Phase Spac

(5/46%, 10/20% , 15/12%, 20/7% ,25/4% , 30/3%, 35/2%)




Successively Larger #sof Largest 85
Daub3 Coefficients Used in the
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Quantitative M easur es of the o

_~Polymath .

Relative Perfor mance of Wavel et [~ Resvchine. N\

— =

Familiesin WRMR Analysis U

» \We can define metrics in phase space by which to automate the search through
wavelet libraries for the optimum wavel et representation.

» Two choices are (1) Lebesgue type measures with local patches or weighting functions
or (i1) the averaged cross-correlation function between the approximate signal’ s
Wigner function and the actual signal’s, normalized to the averaged

auto-correlation function of the signal’s Wigner function.
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Polymath

WRMR: A PRI Prescription(." .

« The Combined application of Wigner function phase space
techniques and those of Multi Resolution Decomposition with
Wavelets allows us to detect patterns acr oss scales which might
not be as apparent otherwise.

« By analyzing the time evolution of asignal on different scalesin
space, we can detect changes in patterns that are random from
those that are systematic, coherent or resonant.

o Specially constructed phase space functionals beyond Wigner
(bilinear) ones can capture even more pertinent information such
as signaling the onset of 3 wave interactions, inverse cascades, etc.
These, combined with M RA with the optimum wavelet family
for that signal help in revealing the underlying physics.
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